
Elementary maths for GMT – Calculus – Function analysis

• Analyze and draw the graphs of
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Exercise 1
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• Find zero crossings

𝑥 1 − 𝑥2 = 0 ⇔ 𝑥 = 0 ∨ 1 − 𝑥2 = 0
⇔ 𝑥 = 0 ∨ 1 − 𝑥2 = 0
⇔ 𝑥 = 0 ∨ 𝑥2 = 1
⇔ 𝑥 = 0 ∨ 𝑥 = −1 ∨ 𝑥 = 1

• Look at behavior at domain limits (see zero 

crossings)

• No singularity
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• Find zero crossings of the derivative and sign 

around them

𝑥 1 − 𝑥2
′
= 𝑥 ′ 1 − 𝑥2 + 𝑥 1 − 𝑥2

′

= 1 − 𝑥2 + 𝑥 ×
1

2 1 − 𝑥2
× 1 − 𝑥2 ′

= 1 − 𝑥2 +
𝑥

2 1 − 𝑥2
× −2𝑥

= 1 − 𝑥2 −
𝑥2

1 − 𝑥2
=
1 − 𝑥2 − 𝑥2

1 − 𝑥2
=
1 − 2𝑥2

1 − 𝑥2

equals zero when 𝑥 = ±
2

2
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• Sign

• Minimum at (−
2

2
, −

1

2
)

• Maximum at (
2

2
,
1

2
)
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Exercise 2
2( ) sin( 4)
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• Find zero crossings

sin(𝑥2 − 4) = 0 ⇔ 𝑥2 − 4 = 0 + 2𝑘𝜋, for integer 𝑘

∨ 𝑥2 − 4 = 𝜋 − 0 + 2𝑘𝜋

⇔ 𝑥 = 4 + 2𝑘𝜋 ∨ 𝑥 = 4 + 𝜋 + 2𝑘𝜋

– in 0, 𝜋 : 𝑥 = 2 ∨ 𝑥 = 4 − 𝜋 ∨ 𝑥 = 4 + 𝜋

• Look at behavior at domain limits

– 𝑓 0 = sin(−4) ≈ 0.757

– 𝑓 𝜋 = sin(𝜋2 − 4) ≈ −0.402

• No singularity
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• Find zero crossings of the derivative and sign around 
them

(sin(𝑥2 − 4))′ = cos(𝑥2 − 4) ×2𝑥 = 2𝑥 cos(𝑥2 − 4)
equals zero if 𝑥 = 0 ∨ cos(𝑥2 − 4) = 0

𝑥 = 0 ∨ 𝑥2 = 4 +
𝜋

2
+ 2𝑘𝜋 ∨ 𝑥2 = 4 −

𝜋

2
+ 2𝑘𝜋

𝑥 = 0 ∨ 𝑥 = −
8 + 𝜋

2
+ 2𝑘𝜋 ∨ 𝑥 =

8 + 𝜋

2
+ 2𝑘𝜋

∨ 𝑥 = −
8−𝜋

2
+ 2𝑘𝜋 ∨ 𝑥 =

8−𝜋

2
+ 2𝑘𝜋

– in [𝑜, 𝜋]:

𝑥 = 0 ∨ 𝑥 =
8 − 𝜋

2
∨ 𝑥 =

8 + 𝜋

2
∨ 𝑥 =

8 + 3𝜋

2
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• Sign

• Local minimum at 
8−𝜋

2
, −1 and (

8+3𝜋

2
, −1)

• Local maximum at (
8+𝜋

2
, 1) and 0, sin(−4)
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Exercise 3
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• Find zero crossings of component functions

 
𝑥 𝑡 = 0 ⇔ 𝑡2 = 0 ⇔ 𝑡 = 0

𝑦 𝑡 = 0 ⇔ 𝑡3 − 3𝑡 = 0 ⇔ 𝑡 = 0 ∨ 𝑡2 = 3 ⇔ 𝑡 = 0 ∨ 𝑡 = ± 3

– f crosses x-axis at 𝑡 = 0

– f crosses y-axis at 𝑡 = 0, 𝑡 = − 3 and 𝑡 = 3

– so f pass by origin at 𝑡 = 0

• Look at behavior at domain ends

–
𝑥 −2 = 4
𝑦 −2 =−2

;   
𝑥 2 =4
𝑦 2 =2

• No singularity
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• Look at derivative

𝑥′ 𝑡 = 𝑡2 ′ = 2𝑡

𝑦′ 𝑡 = 𝑡3 − 3𝑡 ′ = 3𝑡2 − 3
– zero crossing
2𝑡 = 0 ⇔ 𝑡 = 0
3𝑡2 − 3 = 0 ⇔ 𝑡 = −1 ∨ 𝑡 = 1
– tangent vector at 0, -1 and 1
𝑥′ 0 = 0
𝑦′ 0 = −3
𝑥′ −1 = −2
𝑦′ −1 = 0
𝑥′ 1 = 2
𝑦′ 1 = 0
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Exercise 4
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• Find zero crossings of component functions

 
𝑥 𝑡 = 0 ⇔ cos 𝑡 = 0 ⇔ 𝑡 =

𝜋

2
+ 2𝑘𝜋 ∨ 𝑡 = −

𝜋

2
+ 2𝑘𝜋, for integer k

𝑦 𝑡 = 0 ⇔ sin3 𝑡 = 0 ⇔ 𝑡 = 2𝑘𝜋 ∨ 𝑡 = 𝜋 + 2𝑘𝜋, for integer k

– f crosses x-axis at 𝑡 = −
𝜋

2
and 𝑡 =

𝜋

2
– f crosses y-axis at 𝑡 = −𝜋 , 𝑡 = 0 and 𝑡 = 𝜋
– so f does not pass by origin

• Look at behavior at domain ends

–
𝑥 −𝜋 =−1
𝑦 −𝜋 =0

;   
𝑥 𝜋 =−1
𝑦 𝜋 =0
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• Look at derivative

𝑥′ 𝑡 = cos 𝑡 ′ = −sin 𝑡

𝑦′ 𝑡 = 𝑠𝑖𝑛3(𝑡) ′ = 3 𝑠𝑖𝑛2 𝑡 cos 𝑡

– zero crossing

−sin 𝑡 = 0 ⇔ 𝑡 = 2𝑘𝜋 ∨ 𝑡 = 𝜋 + 2𝑘𝜋, for integer k

3 𝑠𝑖𝑛2 𝑡 cos 𝑡 = 0 ⇔ 𝑠𝑖𝑛2 𝑡 = 0 ∨ cos 𝑡 = 0
𝑡 = 2𝑘𝜋 ∨ 𝑡 = 𝜋 + 2𝑘𝜋, for integer k

𝑡 = 2𝑘𝜋 ∨ 𝑡 = 𝜋 + 2𝑘𝜋 ∨ 𝑡 =
𝜋

2
+ 2𝑘𝜋 ∨ 𝑡 = −

𝜋

2
+ 2𝑘𝜋

– tangent vector at −𝜋,−
𝜋

2
, 0,

𝜋

2
, 𝜋

𝑥′ −𝜋 = 0
𝑦′ −𝜋 = 0

;
𝑥′ −

𝜋

2
= 1

𝑦′ −
𝜋

2
= 0

;
𝑥′ 0 = 0
𝑦′ 0 = 0

;
𝑥′

𝜋

2
= −1

𝑦′
𝜋

2
= 0

; 

𝑥′ 𝜋 = 0
𝑦′ 𝜋 = 0
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